A single photon prepared in a time-energy state described by a frequency comb combines the extreme precision of energy defined by a single tooth of the comb with a high sensitivity to small shifts in time defined by the narrowness of a single pulse in the long sequence of pulses that describe the frequency comb state in the time domain. We show how this simultaneous suppression of time and energy uncertainties can be described by a separation of scales and compare this with the suppression of uncertainties in the two particle correlations of an entangled state. To illustrate the sensitivity of the frequency comb states to small shifts in time and frequency, we consider the Hong-Ou-Mandel dips observed in two-photon interference when both time-and frequency shifts between the input photons are varied. It is shown that the interference of two photons in equivalent frequency comb states results in a two dimensional Hong-Ou-Mandel dip that is narrow in both time and frequency, while the corresponding entangled photon pairs are only sensitive to temporal shifts. Frequency comb states thus represent a unique and different approach towards quantum operations beyond the uncertainty limit.
I. INTRODUCTION
Although the time-energy degree of freedom is described by continuous variables, discretization is often implemented by time-bin encoding, since the encoding of qubit states in a well-defined number of pulses centered around different times t n = T n is more robust against decoherence effects, making time-bin encoding more suitable for long-distance quantum communication [1] [2] [3] [4] [5] [6] [7] [8] [9] . Importantly, time-bin encoding can also be used as a method of exploring energy-time entanglement when the temporal resolution of the detectors is limited, since the superposition of many time bins can define the frequency, and hence the energy of the photon, with arbitrarily high precision [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Effectively, time-bin encoding means that the temporal resolution is low while the frequency resolution can be very high. If the same concept is applied in the frequency domain, one naturally arrives at the definition of a frequency comb, which is a coherent superposition of very narrow "teeth" centered around discrete frequencies ω n = Ω n [11] [12] [13] [14] [15] [16] [17] . Interestingly, a frequency comb can also be described by an equally spaced sequence of short pulses in the time domain. It therefore represents a combination of the high frequency resolution achieved by time-bin encoding with a high time resolution that is achieved by the phase-locking (or coherence) between the many frequencies of the comb. In the following, we will explore this simultaneous realization of high precision in time and in frequency in the context of single photons states. Specifically, we explore the similarities and the differences between this apparent violation of energy-time uncertainty with the well-known violation of uncertainty limits by two-photon entangled states.
The rest of the paper is organized as follows. In section II we introduce the fundamental concept of a single-photon frequency comb state and its non-classical properties. In section III we discuss the similarity between the single-photon frequency comb state and a corresponding two-photon time-energy entangled state and define an entangled state with time and frequency correlations that correspond to the shapes of the pulses and the frequency teeth of the comb state. In section IV, we discuss the characterization of temporal sensitivity using two-photon interference and show how the Hong-Ou-Mandel dip of two independent comb state photons is slightly different from the Hong-Ou-Mandel dip of the corresponding two photon entangled state. In section V, we introduce a variable frequency shift in the two photon interference to obtain a frequency dependent Hong-Ou-Mandel dip. We show that this dip exhibits the high frequency sensitivity of the comb state, but not the frequency sensitivity of entanglement. In section VI, we consider the combination of time and frequency shifts in the two-photon interference to produce a two dimensional Hong-Ou-Mandel dip. For frequency combs, this two dimensional dip can be much narrower than the uncertainty limit. It is therefore well suited to illustrate the non-classical properties of the frequency comb state. Section VII summarizes the results and concludes the paper.
II. SEPARATION OF TIME AND FREQUENCY SCALES IN A SINGLE-PHOTON FREQUENCY COMB STATE
A frequency comb is a coherent superposition of equally spaced optical frequencies, corresponding to a similar superposition of equally spaced short time pulses in the time domain. In the idealized limit of infinitely long pulse trains, the bandwidth of each "tooth" of the frequency comb approaches zero, corresponding to an arbitrarily high precision in the frequency domain. At the same time, the length of an individual pulse in time is only limited by the total bandwidth covered by the comb, resulting in an arbitrarily high precision in time. If only the vicinity of one of the discrete times and frequencies is considered, it appears as if the frequency comb could violate the Fourier limit of time and frequency.
Here, we consider the quantum state of a single photon in a frequency comb mode. This single photon state can be described by a coherent superposition of narrow frequency bands centered around discrete carrier frequencies separated by equal spacings of frequency difference Ω. In the energy basis of the photon, this state can be represented by the spectral envelope function η(ω) that characterizes the amplitudes of the discrete carrier frequencies, and a line shape function φ(ω) around each carrier frequency that characterizes the precise shape of each tooth of the frequency comb. The single-photon frequency comb state can then be given by a superposition of energy eigenstates | ω ,
As illustrated in Fig. 1 (a) , the spectral envelope η(ω) determines the large scale features of the energy distribution and the line shape function φ(ω) determines the microscopic details of the spectrum.
To obtain the temporal shape of the frequency comb, it is convenient to express it in terms of the photon arrival time eigenstates | t . This representation is obtained by Fourier transformation of the spectral wavefunction. According to the convolution theorem, the temporal wavefunction is described by an envelope function φ(t) that is given by the Fourier transformation of the line shape function φ(ω), and a pulse shape function η(t) that is given by the Fourier transformation of the spectral envelope function η(ω),
The time difference T between the pulses is related to the frequency difference Ω of the comb by T = 2π/Ω. Fig. 1 (b) shows the Fourier transform of the frequency comb wavefunction shown in Fig. 1 (a) . The rectangular spectral envelope η(ω) results in sinc-shaped pulses η(t), whereas the Gaussian spectral line shape φ(ω) results in a Gaussian envelope in time.
The characteristic properties of the frequency comb state are given by the time and frequency scales defined by the functions η(ω) and Φ(ω), together with the frequency interval Ω. In particular, the spectral width of the line shape Φ(ω) can be identified with an energy uncertainty δω φ , while the spectral width of the envelope corresponds to a much larger energy uncertainty of δω η . These two uncertainties define two different frequency scales which are related to the spectral separation Ω of the comb by
In the time domain, the uncertainty limit for each wavefunction requires that δω i δt i ≥ 1/2. Therefore, the Fourier transform tends to reverse the order of the uncertainties, with the temporal uncertainty δt η of the pulse shape being minimal and the temporal uncertainty δt φ being maximal,
Importantly, the energy uncertainty δω φ of the spectral lines and the time uncertainty δt η of each pulse are determined by completely different wavefunctions, so there is no uncertainty limit. Instead, there is a requirement that both are smaller than the distances Ω and T , which results in an upper limit for the uncertainty product given by
Single photon frequency combs thus seem to exceed the uncertainty limit for energy and time. This is possible because the comb structure results in a separation of microscopic and macroscopic scales, as shown in Eqs. (3) and (4) . Effectively, this scale separation within a single-photon state means that the microscopic details in time and in frequency commute with each other. Likewise, the macroscopic aspects described by the envelopes commute with each other, since they are also described by completely different wavefunctions. The uncertainty limit only applies to the relation between the microscopic energy and the macroscopic time represented by φ(ω) and φ(t), and between the microscopic time and the macroscopic energy represented by η(t) and η(ω). Frequency comb states may therefore shed some light on the relations between the macroscopic and the microscopic aspects of quantum systems, especially with regard to the possibility of macroscopic quantum effects [18] [19] [20] [21] .
III. ANALOGY WITH TIME-ENERGY ENTANGLEMENT
As the discussion above shows, the separation between microscopic energy and microscopic time is achieved by defining two wavefunctions that appear to describe separate degrees of freedom. This situation is very similar to the separation of symmetric and anti-symmetric degrees of freedom in two particle entanglement. Specifically, the same suppression of uncertainties can be obtained in the correlations between two photons by replacing the microscopic energy distribution with the distribution over total energy, and the microscopic time distribution with the distribution over arrival time difference.
Importantly, the wavefunction is now a genuine two particle wavefunction in the product space of two well separated degrees of freedom. The total two photon energy is given by the sum of two single photon energies, ω 1 + ω 2 . In downconversion, this total energy can be described by a spectrally narrow function φ(ω 1 + ω 2 ), so that a measurement of ω 2 projects the state of photon 1 onto the line shape wavefunction φ(ω 1 ) centered around a carrier frequency defined by ω 2 . The Fourier transformation of this wavefunction describes the average arrival time of the two photons, (t 1 + t 2 )/2. Using similar considerations for the anti-symmetric degree of freedom, the two photon state can be expressed in terms of a narrow line shape function φ(ω) and a wide spectral envelope η(ω) as
The transformation to arrival time states results in the corresponding Fourier transforms of the functions φ(ω) and η(ω), which then describe a long temporal envelope φ(t) and a short pulse shape η(t). The temporal two photon wavefunction is given by
Thus, a measurement of t 2 projects the state of photon 1 onto the pulse shape wavefunction η(t 1 ) centered around a pulse time of t 2 . Clearly, no uncertainty limit applies to the correlations in time and in frequency, since the frequency correlations are determined by the narrow spectral wavefunction φ(ω) and the temporal correlations are determined independently by the short pulse η(t).
In principle, we can observe very similar features in the spectral and temporal characteristics of photons in a frequency comb states and in the correlations between two photons in a time-energy entangled pair. In particular, the symmetric two photon wavefunctions φ in Eqs. (6) and (7) correspond to the combination of microscopic energy and macroscopic time in the frequency comb state, while the anti-symmetric wavefunctions η correspond to the combinations of microscopic time and macroscopic energy. At first sight, the main difference is that there is no requirement similar to Eq.(5), because entanglement does not depend on a clear separation of the time and frequency scales defining the functions φ and η. In practice, however, one would normally try to maximize the difference in scale, so that φ will effectively be microscopic in frequency, while η will be microscopic in time.
On closer inspection, a more important difference between entanglement and the frequency comb may be the need for two different symmetries to distinguish the two degrees of freedom in the two photon entangled state. Interestingly, there is a direct experimental demonstration of this difference: two photon interference can be used to explore the sensitivity to small shifts in time or in frequency and is also sensitive to the symmetry of the two particle wavefunction. As we show in the following, the two-photon interference between photons in separate frequency comb states is equally sensitive to small shifts in time and in frequency, while the corresponding entangled states only show the sensitivities of the anti-symmetric degree of freedom, which is high with regard to time, but low with respect to frequency.
IV. CHARACTERIZATION OF TEMPORAL SENSITIVITY BY TWO-PHOTON INTERFERENCE
Since photon detection with high time resolution is difficult to implement using conventional detectors, it is often convenient to use the sensitivity of two photon interference to small delay times in order to investigate highly time resolved quantum states [22, 23] . In the present context, the time sensitivity of a single photon frequency comb state can be demonstrated by measuring the width of the Hong-Ou-Mandel dip that describes the dependence of coincidence counts on time delays between two photons in the same frequency comb state. It is then a straightforward matter to compare the result to the Hong-Ou-Mandel dip observed for two entangled photons defined by the same wavefunction. Fig . 2 illustrates the setups for Hong-Ou-Mandel interference for two photons in separate frequency comb states, and for a pair of entangled photons emitted from the same source. In both cases, the photons interfere at a 50 : 50 beam splitter, and coincidence counts register the events where the photons exit from opposite sides of the beam splitter. Since the detectors do not resolve either time or frequency, the total coincidence count rate can be obtained by an integral over all possible arrival times at the detectors. If the two-photon input state is given by the temporal two-photon wavefunction ψ p (t 1 , t 2 ) the coincidence counts of photons exiting at opposite sides of the beam splitter is given by the integral
The effects of a time delay of ∆t applied only to the input photon entering from the left can be represented by shifting the first argument in the two functions, so that the time delay dependence of Hong-Ou-Mandel interference is generally described by
We can now apply Eq.(9) to find the Hong-Ou-Mandel dip for the two photon interference between two separate single-photon frequency comb states as shown in Fig. 2 (a) . In this case, the input wavefunction is described by a product of two identical frequency comb wavefunctions Ψ c (t) = t | Ψ c . Since the two-photon interference term is given by the overlap between the two input states [22] , the time shift in Eq.(9) results in a convolution defined by the time delay ∆t, so that the coincidence counts are given by
We can now solve the convolution integral by using the specific form of the frequency comb state shown in Eq.(2). The shape of the Hong-Ou-Mandel dip is then determined by an integral over a double sum,
where the sum runs over the pulse sequences entering the beam splitter from the right and from the left. The integration in Eq. (11) can be simplified considerably by making use of the narrowness of the pulse shape function η(t) in time. Since δt η ≪ T , the product of η(t − n'T ) and η * (t − ∆t − n ′′ T ) will be negligibly small unless t − n ′ T ≪ T and t − ∆t − n ′′ T ≪ T . We can therefore limit the integral to t − n ′ T ≪ T for time shifts selected by ∆t − mT ≪ T , where m = n ′ − n ′′ . Since the envelope function φ(t) varies only slowly with time, we can approximate it using its value at the centers of the pulses described by η(t). Using t ′ = t − n ′ T , we can then separate the sum over n ′ from the integral over t ′ to obtain
Since the temporal envelope φ(t) varies slowly in time, the sum over n ′ can be replaced by an integral and the result can be given in terms of the temporal autocorrelation functions of pulse shape η(t) and envelope φ(t),
where the two autocorrelation functions are defined as
and
The width of these autocorrelation functions is closely related to the uncertainties of the corresponding wavefunctions. In particular, F η (∆t) will rapidly drop to zero for ∆t > δt η . Oppositely, we can assume that F φ (∆t) ≈ 1 for ∆t ≪ T , since φ(t) changes only very little for such small time shifts. For ∆t ≪ T , it is therefore sufficient to consider only the pulse shape function η(t), and the Hong-Ou-Mandel dip of the frequency comb state is given by
This Hong-Ou-Mandel dip is indistinguishable from the Hong-Ou-Mandel dip of two individual pulses defined by the wavefunction η(t). Thus the high time resolution of the pulse shape function η(t) can be observed in the narrowness of the Hong-Ou-Mandel dip observed for small time shifts of ∆t ≪ T .
Since it is a well-established experimental method to characterize the temporal correlations of down-converted photons by observing the Hong-Ou-Mandel dip using the setup shown in Fig. 2 (b) [24] [25] [26] , it is interesting to compare the result obtained from two frequency comb photons with the corresponding result from an entangled pair characterized by the same spectral and temporal correlations, as given in Eq.(6). Using Eq.(9), we find that the Hong-Ou-Mandel dip for this entangled state is given by
The integral can be separated into an integral over the average time (t 1 + t 2 )/2, which is simply the normalization integral of the envelope function φ(t) and therefore gives a result of 1, and an integral over the time difference t 1 − t 2 . Assuming that the pulse shape function η(t) is symmetric in time, the Hong-Ou-Mandel dip can then be expressed by the same autocorrelation function used to describe the Hong-Ou-Mandel dip of the frequency comb. However, the result for the entangled photons has a slightly different form,
Although the width of this Hong-Ou-Mandel dip is determined by the same autocorrelation function that also determines it for the case of two photons in frequency comb states, it is worth noting that the observed shape is quite different from the one given in Eq. (16) . Specifically, the shape of the dip is given by the real part of the autocorrelation function, and not by the absolute value squared, and the factor of 2 in the argument indicates that the Autocorrelation function is only half as wide as the function seen in the Hong-Ou-Mandel dip of two independent frequency comb states. Due to the different shapes of the dips, it is not a straightforward matter to compare the widths. However, it should be noted that the square of a function always appears to be narrower than the function itself. For Gaussians, this results in a factor of √ 2, so the Hong-Ou-Mandel dip for frequency combs with Gaussian pulse shapes would appear to be only a factor of √ 2 wider than the Hong-Ou-Mandel dip of entangled photons with the same temporal correlations. Most importantly, the width of the Hong-Ou-Mandel dips is not directly related to the temporal uncertainties, but refers instead to the autocorrelation function of the pulse shape η(t). Although this autocorrelation function appears in the Hong-Ou-Mandel dips of both the frequency comb states and the entangled states, the precise shape defined by the autocorrelation is quite different, indicating that the physics of two-photon interferences clearly distinguish the scale separation of the frequency comb from the separate degrees of freedom used in entanglement.
V. CHARACTERIZATION OF FREQUENCY SENSITIVITY BY TWO-PHOTON INTERFERENCE
The main interest in the frequency comb state arises from the fact that it combines high time resolution with high resolution of photon energy. However, the conventional Hong-Ou-Mandel dip only shows the high time resolution associated with the pulse shape η(t). To demonstrate the full symmetry between energy and time in the frequency comb state, it is therefore desirable to extend the two-photon interferences to frequency shifts between the two input photons.
Although not as easy to implement as time delays, well-controlled shifts of frequency can in principle be realized by electro-optical modulation of the input field, or, for higher frequency shifts, by sum frequency generation in a non-linear medium. In the following, we will simply assume that the frequency can be shifted by a well-defined frequency difference ∆ω, just as the arrival time was shifted in the regular Hong-Ou-Mandel experiment. We can then obtain a spectral Hong-Ou-Mandel dip, where the coincidence counts can be determined from the spectral two-photon wavefunction ψ p (ω 1 , ω 2 ) by
For the frequency comb state, the spectral Hong-Ou-Mandel dip is obtained by simply exchanging the functions that describe the peaks and the envelopes in the temporal solution with the corresponding functions describing the spectral features. The result can be described in terms of the spectral autocorrelation functions of the line shape function φ(ω) and the spectral envelope η(ω),
The spectral autocorrelation functions are given by
and by
Since the spectral envelope η(ω) varies only slowly for frequency shifts of δω ≪ Ω, the shape of a spectral Hong-OuMandel dip is given entirely by the autocorrelation function of the line shape φ(ω),
For the frequency comb states, the spectral Hong-Ou-Mandel dip will be as narrow as a single tooth of the frequency comb. Thus, two-photon interference can provide evidence of both the temporal and the spectral sensitivity of single photon frequency comb states, illustrating the possibilities of scale separation when encoding quantum information in continuous variable systems. Interestingly, the situation is quite different in the case of entangled pairs. Using the input state given in Eq. (7), the spectral Hong-Ou-Mandel dip is given by
(24) Here, the roles of η and φ are not exchanged. As before, it is the function φ that can be eliminated by solving the normalization integral over the sum frequency ω 1 + ω 2 . Therefore, the coincidence counts are described by the autocorrelation function of the spectral envelope η(ω),
Since the spectral envelope function η(ω) is much wider than Ω, almost no coincidence counts will be observed for δω ≪ Ω. Because the Hong-Ou-Mandel dip of entangled photons is sensitive to the symmetry of the wavefunction, and not to the respective correlations, the high spectral precision of the line shape function φ(ω) does not show up in the experimental two photon interference results. The absence of a spectral Hong-Ou-Mandel dip for entangled photons is a result of the symmetry of the spectrally squeezed degree of freedom. A similar effect was reported for the temporal Hong-Ou-Mandel dip by Giovanetti et al., who pointed out that two-photon entanglement with low time uncertainty in t 1 + t 2 instead of t 1 − t 2 results in an extremely wide temporal Hong-Ou-Mandel dip [26] . In that case, the Fourier transform of the anti-symmetric wavefunction is very narrow, which would result in a narrow spectral Hong-Ou-Mandel dip when applying frequency shifts instead of time delays. However, the use of symmetry to achieve a simultaneous suppression of uncertainties in two photon entangled states can not result in a two dimensional Hong-Ou-Mandel dip that is simultaneously narrow in both time and frequency, since the Hong-Ou-Mandel dip is only sensitive to one of the two degrees of freedom. We can conclude that the simultaneous suppression of uncertainties in the two dimensional Hong-Ou-Mandel dip is a characteristic feature of the frequency comb state that fundamentally distinguishes its non-classical properties from those of two photon entangled states.
VI. TWO-DIMENSIONAL HONG-OU-MANDEL DIP OF TWO IDENTICAL SINGLE-PHOTON FREQUENCY COMB STATES
Since the two-dimensional Hong-Ou-Mandel dip is a unique property of single photon frequency comb states, it may be of interest to consider the simultaneous application of a time delay ∆t and a frequency shift ∆ω in detail. If we delay the arrival time of one of the two input photons by ∆t, and simultaneously shift the frequency of the other input photon by ∆ω, the coincidence count rate can be described by
where we have chosen to perform the analysis in the time representation, so that the frequency shift appears as a phase factor. In general, the simultaneous application of a temporal and a spectral shift cannot be separated and the result can be a complicated two-dimensional structure defined by the two-photon wavefunction ψ p (t 1 , t 2 ) as a whole. However, the result can be simplified greatly if the input state is given by the product of two identical frequency comb states.
Since we perform the analysis in the arrival time representation, the integral that determines the coincidence count rates is very similar to the one in Eq.(11), except for a phase factor that represents the frequency shift,
As before, we can make use of the fact that the pulse shapes η(t) are very narrow in time to limit the integral to t − n ′ T ≪ T for time shifts selected by ∆t − mT ≪ T , where m = n ′ − n ′′ . In general, the phase factor exp(it∆ω) should be included in the convolution integral of the pulse shape function η(t), since a large value of ∆ω causes a nonnegligible variation of phase even within time intervals much smaller than T . However, we can simplify this relation if we consider only frequency shifts of ∆ω ≪ Ω, so that the phase change within an interval much smaller than T is negligible. For consistency, we can also assume that ∆t ≪ T , so that only m = 0 contributes to the Hong-Ou-Mandel dip. The sum and the integral can then be separated into
Here, the sum over n ′ approximately describes the spectral autocorrelation function of the Fourier transformation of the temporal envelope φ(t), which is given by the line shape φ(ω). It is therefore possible to express the two dimensional Hong-Ou-Mandel dip of the frequency comb state by
Thus the two-photon interference of independent frequency comb states results in a two-dimensional Hong-Ou-Mandel dip that is simultaneously narrow in time and narrow in frequency.
As we already know from the previous section, this result does not apply to the entangled state, since the two dimensional Hong-Ou-Mandel dip is only sensitive to the anti-symmetric wavefunction η(t 1 − t 2 ). Specifically, the coincidence counts for a simultaneous shift in time and frequency read
Since the integral over the average time (t 1 + t 2 )/2 is simply the normalization integral of φ(t), the shifts in time and in frequency act only on η(t). Specifically,
In general, the two dimensional autocorrelation function of η(t) determines the complete two dimensional Hong-OuMandel dip for the entangled photon pairs. Since we are mostly interested in the sensitivity to small shifts in time and in frequency defined with relation to the time scale T and the frequency scale Ω, we can further simplify the result by noting that non-vanishing contributions to the integral are only obtained at ∆t ≪ T . In that region, the phase change caused by frequency shifts of ∆ω ≪ Ω is always much smaller than ΩT = 2π and can be neglected. It is therefore reasonable to approximate the two dimensional Hong-Ou-Mandel dip of the entangled pair by
Re(F η (2∆t)).
As discussed in section V, the reduced frequency uncertainty of the entangled state does not show up in two-photon interference. Therefore the two dimensional Hong-Ou-Mandel dip of entangled photon pairs is uncertainty limited, as opposed to the two dimensional Hong-Ou-Mandel dip for pairs of photons in frequency comb states. The narrowness of the two dimensional Hong-Ou-Mandel dip in both time and frequency is therefore a characteristic result of the suppression of uncertainties achieved by the separation of time and frequency scales in single photon frequency comb states.
VII. CONCLUSIONS
Single photon frequency comb states combine the high temporal precision of short time pulses with the precise definition of photon energy of a narrow spectral line. Here, we have shown how the simultaneous suppression of uncertainty in time and in frequency can be explained in terms of a separation of scales that separates the microscopic time and the microscopic frequency into entirely separate degrees of freedom, in the same way that two photon entanglement separates the symmetric and the anti-symmetric degree of freedom for the particle pair. In order to highlight the physical difference between the uncertainty suppression by scale separation and the apparent violation of uncertainty limits by energy-time entangled photon pairs, we have considered the sensitivities of two photon interference to small shifts in time and in frequency. Significantly, only the frequency comb states achieve simultaneous sensitivity to both time shifts and frequency shifts. This result indicates that single photon frequency comb states belong to a new class of non-classical states that obtains its non-classical features from a separation of scales, resulting in an effective commutativity of microscopic energy and microscopic time. Thus single photon frequency comb states are not only interesting for possible applications in new quantum protocols using the time-energy degree of freedom, but also for fundamental research into the relation between microscopic and macroscopic phenomena in quantum mechanics.
